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${\rm Re}(s)>1$ ${\rm Re}(\mathcal{S})>1$ $\zeta(s)\neq 0$
$\zeta(s)$




(1) (Mertens, [Me, p.53])
$\prod_{p\leq x}(1-p^{-1})^{-1}\sim e^{\gamma}\log x (xarrow\infty)$ .
$\gamma;=\lim_{Narrow\infty}(\sum_{n=1}^{N}\frac{1}{n}-\log N)$
(2) $t_{0}\in \mathbb{R}\backslash \{0\}$
$x arrow\infty hm\prod_{p\leq x}(1-p^{-1-it_{0}})^{-1}=\zeta(1+it_{0})$ .
$*$
$PD$
1874 2014 1-11 1
[Ti, \S 3.15]
$|\{p\leq x:$ $\}|=\frac{x}{\log_{X}}+O(\frac{x}{(\log x)^{2}})$ (1.1)
$1/2<{\rm Re}(\mathcal{S}_{0})<1$ $s_{0}\in \mathbb{C}$
$- \sum_{P\leq x}\log(1-p^{-so})=\frac{x^{1-s_{0}}}{(1-s_{0})\log x}+O(\frac{x^{1-{\rm Re}(so)}}{(\log x)^{2}})$ . (1.2)
$\log(1-p^{-s0})$ $\iota$ Im log$(1-p^{-so})\in(-\pi/2, \pi/2)$
















$q$ 2 $\chi$ $mod q$ $\chi$
$L$
$L( \mathcal{S}, \chi)=\prod_{p}(1-\chi(p)p^{-8})^{-1}$ (2.1)
${\rm Re}(s)>1$ $L(s, \chi)$
$L(s, \chi)$ K. Conrad
$A.$ $([Co,$ Theorem $6.3])$ $q,$ $\chi$
(1)$-(3)$ :
(1) $\psi(x, \chi)$ $:= \sum_{n\leq x}\chi(n)A(n)$ $xarrow\infty$ $\psi(x, \chi)=o(x^{1/2}\log x)$
$\Lambda(n)$ ( von Mangoldt
(2) $t0\in \mathbb{R}$
$( \log x)^{m}\prod_{p\leq x}(1-\chi(p)p^{-\frac{1}{2}-it_{0}})^{-1}$ (2.2)
$xarrow\infty$ $0$ $m$ $L(s, \chi)$ $s= \frac{1}{2}+it_{0}$
(3) $to\in \mathbb{R}$ (2.2) $xarrow\infty$ $0$
A (1) $\ovalbox{\tt\small REJECT}$ (1) $\ovalbox{\tt\small REJECT}$ $\chi$
$\chi$
$\psi(x, \chi)=o(x)$ $L(s, \chi)$
$\psi(x, \chi)=O(x^{1/2}(\log x)^{2})$ $L(s, \chi)$
$\psi(x, \chi)=O(x^{1/2}(\log x)^{2})$
A (1)$-(3)$ $L(s, \chi)$
(2.2) $O$
Conrad :
$B$ . ([Co, Theorem 5.11]) A (1)$-(3)$
(2.2) $xarrow\infty$ :
$e^{-m\gamma} \frac{L^{(m)}(\frac{1}{2}+it_{0},\chi)}{m!}\cross\{\begin{array}{ll}\sqrt{2} \chi^{2} t_{0}=0 1 (ffi.\end{array}$




$=$ $L( \frac{1}{2}+it_{0}, \chi)\cross\{\begin{array}{ll}\sqrt{2} \chi^{2} t_{0}=0 1 \end{array}$ (2.3)
$L( \frac{1}{2}+it_{0}, \chi)\neq 0$ $B$ $L( \frac{1}{2}+it_{0}, \chi)=0$
















(a) $\psi(x)$ $:= \sum_{n\leq x}\Lambda(n)$ $\psi(x)=x+o(x^{1/2}\log x)$
(b) $t_{0}\in \mathbb{R}$ $E( \frac{1}{2}+it_{0};x)$ $xarrow\infty$ $0$
(c) $t_{0}\in \mathbb{R}$ $E( \frac{1}{2}+it_{0};x)$ $xarrow\infty$ $0$





$\psi(x)$ Montgomery $[Mo, P.16]$





$\backslash X$ $\mathcal{E}x_{\epsilon}:=\{x\in[X, 2X]: |\psi(x)-x|\geq\epsilon X^{1/2}\log X\}$
$\int_{X}^{2X}(\psi(x)-x)^{2}\frac{dx}{x}\geq\frac{\epsilon^{2}(\log X)^{2}}{2}$ meas $(\mathcal{E}_{X,\epsilon})$
meas $\mathbb{R}$ (3.3)
$\frac{1}{X}$meas $( \mathcal{E}_{X,\epsilon})\ll\frac{l}{\epsilon^{2}(\log X)^{2}}$ (3.4)





2. 1 $(a)-(c)$ $t_{0}\in \mathbb{R}$ $s_{0}= \frac{1}{2}+it_{0}$





$\lim_{\epsilon\downarrow 0}(\int_{1+\epsilon}^{\infty}\frac{du}{u^{z}\log u}-\log\frac{1}{\epsilon})=-\gamma-\log(z-1) ({\rm Re}(z)>1)$ . (3.6)
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3. $t_{0}\in \mathbb{R}$ $s_{0}= \frac{1}{2}+it_{0}$ (3.5) $C(s_{0})$ Montgomery
(3.2) :
$E(s_{0};x)=C(s_{0})(1+O( \frac{(\log\log\log x)^{2}}{\log x}))$ .
$O$- $t_{0}$
log log log $x$ $+\infty$ (3.5)
$E(s_{0};x)$ $1/\log x$ $C(s_{0})$
1: $E(1/2;x)$ $C(1/2)$ .








$1/2<$ Re(so) $<1$ 1, 2
4. $\sigma_{0}\in(1/2,1)$ $(a)-(d)$
(a) $\psi(x)=x+O(x^{\sigma 0})$ .
(b) $t_{0}\in \mathbb{R}$ $E(\sigma_{0}+it_{0};x)$ $xarrow\infty$ $0$
(c) $t_{0}\in \mathbb{R}$ $E(\sigma_{0}+it_{0};x)$ $xarrow\infty$ $0$
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1, 2 1 $(a)-(c)$
${\rm Re}(s)>1/2\Rightarrow\zeta(s)\neq 0$ 4
(d) 1 (a)
4 (a) $\sigma_{0}=1/2$
(Grosswald, [Gr]) $\theta:=\sup\{{\rm Re}(\rho):\zeta(\rho)=0\}$ $1/2<\theta<1$
$\psi(x)=x+O(x^{\theta})$
(Littlewood, [Li, HL]) $xarrow\infty$ $\psi(x)=x+\Omega_{\pm}(x^{1/2}\log\log\log x)$





1 (b), (c) $to\in \mathbb{R}$
$s_{0}= \frac{1}{2}+it_{0}$ $E(s_{0};x)$
:








$\sum_{2\leq n\leq x}\frac{\Lambda(n)}{n^{s_{0}}\log n}= \sum_{p,k,p^{k}\leq x}\frac{1}{kp^{ks_{0}}}=\sum_{p\leq x}\frac{1}{p^{s_{0}}}+\sum_{p\leq\sqrt{x}}\frac{1}{2p^{2s0}}+\cdots$
(4.2)
2 $k=1,2,$ $\ldots$
$\sum_{p\leq x}\sum_{k=1}^{\infty}\frac{1}{kp^{ks_{0}}}-\sum_{2\leq n\leq x}\frac{\Lambda(n)}{n^{s0}\log n}=\frac{1}{2}\sum_{\sqrt{x}<p\leq x}\frac{1}{p^{2s0}}+\cdots$ (4.3)
$t_{0}\in \mathbb{R}$ $c(t_{0})\in \mathbb{R}$
$\sum_{p\leq y}\frac{1}{p^{2s_{0}}}=\sum_{p\leq y}\frac{1}{p^{1+2it_{0}}}=\{\begin{array}{ll}\log\log y+c(0)+O((\log y)^{-1}) t_{0}=0 c(t_{0})+O((\log y)^{-1}) t_{0}\neq 0 \end{array}$
(4.3)
$\frac{1}{2}\sum_{\sqrt{x}<p\leq x}\frac{1}{p^{2s0}}=\{\begin{array}{ll}-\frac{1}{2}\log 2+O((\log x)^{-1}) t_{0}=0 O((\log x)^{-1}) t_{0}\neq 0 \end{array}$
2 (4.1)
(4.2) $k=2$ $B$
1 1 (b), (C)
$\sum_{2\leq n\leq x}\frac{\Lambda(n)}{n^{s_{0}}\log n}+m\log\log x-\lim_{\epsilon\downarrow 0}(l_{+\epsilon}^{x}\frac{du}{u^{s_{0}}\log u}-\log\frac{1}{\epsilon})$ (4.4)
$xarrow\infty$ 1
$A(x):= \sum_{2\leq n\leq x}\frac{\Lambda(n)}{n^{s_{0}}\log n}$





$\psi(x)$ $\zeta(s)$ 1 $\zeta(s)$
2 $t_{0}=0$ , $s_{0}=1/2$
(4.4) $s_{0}=1/2,$ $m=0$ $xarrow\infty$
$\log(-\zeta(1/2)/2)+\gamma$





${\rm Re}(s)>1$ $\log\zeta(\mathcal{S})-=\sum_{n=2}^{\infty}\Lambda(n)/(n^{s}\log n)$
(3.6) 1 $(a)-(c)$
(4.7) $\lim_{xarrow\infty}F(s;x)$ $\{s\in \mathbb{C}:{\rm Re}(s)>1/2\}$ $s=1/2$
$F(1/2;x)$ $xarrow\infty$
$H>0$ $xarrow\infty$ $F(s;x)$
closed sector $s\in S_{H}$ $:= \{\sigma+it:|t|\leq H(\sigma-\frac{1}{2})\}$
(4.6) $xarrow\infty$ closed sector $S_{H}$ open sector
$s_{\mathring{H}}= \{\sigma+it:|t|<H(\sigma-\frac{1}{2})\}$
$s\in \mathbb{R},$ $s\downarrow 1/2$
$\lim_{xarrow\infty}[\sum_{2\leq n\leq x}\frac{\Lambda(n)}{\sqrt{n}\log n}-\lim_{\epsilon\downarrow 0}(\int_{1+\epsilon}^{x}\frac{du}{\sqrt{u}\log u}-\log\frac{1}{\epsilon})]=\log(-\frac{1}{2}\zeta(1/2))+\gamma$
1 $\exp$ 2 $s_{0}$ $=1/2$
$F(s;x)$
2 -




$\{a_{n}\}_{n=1}^{\infty}$ $D(s;x)$ $:= \sum_{n\leq x}a_{n}n^{-s}$ $s_{0}:=\sigma 0+it_{0}\in \mathbb{C}$
$D(s_{0};x)$ $xarrow\infty$ $H>0$
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